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In this paper, some delay-dependent and delay-independent stability criteria are
proposed to guarantee global uniform asymptotic stability for a class of neutral
systems with multiple time delays. Two numerical examples are given to illustrate
our main results. Q 2000 Academic Press
1. INTRODUCTION
A time delay phenomenon is often encountered in various engineering
systems, including aircraft stabilization, chemical engineering systems, con-
trol of epidemics such as the AIDS epidemic, inferred grinding model,
manual control, microwave oscillation, nuclear reactors, population dy-
namics models, rolling mills, ship stabilization, and systems with lossless
w xtransmission lines 4, 5 . It is frequently a source of instability and a source
of generation of oscillation in many systems; for example, the trivial
Ž . Ž . Ž .solution of x t q 2 x t s yx t is asymptotically stable, but that of a˙ ˙
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Ž . Ž . Ž .neutral system x t q 2 x t y t s yx t is unstable for any positive delay˙ ˙
w xt 5 . Consequently, the asymptotic stability for systems with time delay
w xhas been a main concern of many researchers; see, for example, 2]10 .
Depending on whether the stability criterion itself contains the delay
argument as a parameter, stability criteria for systems with time delay can
be classified into two categories, namely, delay-independent criteria and
delay-dependent criteria. Generally speaking, the former are more conser-
vative than the latter. There have been a number of interesting develop-
ments in searching the stability criteria for time delay systems, but most
were restricted to searching delay-independent and delay-dependent crite-
w xria for asymptotic stability of retarded systems; see, for example, 2, 4]10 .
For searching the delay-independent criteria for asymptotic stability of
w xneutral systems, see, for example, 2]5, 9 . It is the purpose of this paper to
propose delay-dependent criteria for global uniform asymptotic stability of
a class of neutral systems with multiple time delays.
2. PROBLEM FORMULATION AND MAIN RESULTS
Some of the notation that will be used throughout this paper is defined
as follows:
R n n-dimensional real space
m= nR set of all real m = n matrices
T TŽ . Ž .A resp. x transpose of matrix A resp. vector x
5 5A spectral norm of matrix A
5 5x Euclidean norm of vector x
Ž . Ž .P ) 0 resp. P - 0 P is a positive resp. negative definite
symmetric matrix
Ž .l P maximal eigenvalue of symmetric matrix PM
Ž .m A matrix measure of matrix A;
y1 TŽ . Ž .m A s 2 l A q AM
 4m 1, 2, . . . , m
I unit matrix
; means ‘‘for every’’
In this paper, we consider a neutral system with multiple time delays
m
x t s Ax t q B x t y h q C x t y h , t G 0, 1aŽ . Ž . Ž . Ž . Ž .˙ ˙Ý k k k k
ks1
w xx t s f t , t g yH , 0 , 1bŽ . Ž . Ž .
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n Ž . Ž .where x g R , x is the state at time t defined by x s [ x t q s ,t t
w x  4 5 5;s g yH, 0 , h G 0, k g m, H s max h G 0, with x [sk k g m k t
5 Ž .5 n=nsup x t q t , A, B , C g R , k g m, are known matrices,yH Ft F 0 k k
and the initial vector f is a given continuously differentiable function on
w xyH, 0 .
Now we present a delay-dependent criterion for global uniform asymp-
Ž .totic stability of system 1 .
Ž .THEOREM 1. System 1 is globally uniformly asymptotically stable pro-
¤ided that there exist some matrices P ) 0 and R ) 0, k g m, such thatk
m




T T y1 TA P q PA q h q m R q A PB R B PAhŽ .Ý k k k k k k k
ks1
T y1 TqA PC R C PA - 0, 2bŽ .k k k
where
m 0 if C s 0,kA s A q B , m s k g m.Ý k k ½ 1 if C / 0,kks1
Ž .Proof. System 1 can be written as
m md t
x t q B x s ds y C x t y h s Ax t , 3aŽ . Ž . Ž . Ž . Ž .Ý ÝHk k kdt tyhkks1 ks1
w xx t s f t , t g yH , 0 . 3bŽ . Ž . Ž .
The functional given by
V x s V x q V x q V x , 4aŽ . Ž . Ž . Ž . Ž .t 1 t 2 t 3 t
where
TV x s g x Pg x ,Ž . Ž . Ž .1 t t t
m m
t
g x s x t q B x s ds y C x t y h , 4bŽ . Ž . Ž . Ž . Ž .Ý ÝHt k k k
tyhkks1 ks1
m
0 t TV x s x u R x u du ds, 4cŽ . Ž . Ž . Ž .Ý H H2 t k
yh tqskks1
m
t TV x s m x s R x s ds, 4dŽ . Ž . Ž . Ž .Ý H3 t k k
tyhkks1
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w xis a legitimate Lyapunov functional candidate 2, 4 . The time derivative of
Ž . Ž .V x , i s 1, 2, 3, along the trajectories of system 3 is given byi t
T TTV˙ s x t A Pg x q g x PAx tŽ . Ž . Ž . Ž .1 t t
T Ts x t A P q PA x tŽ . Ž .Ž .
m m
tT Tq 2 x t A P B x s ds y C x t y h ,Ž . Ž . Ž .Ý ÝHk k k
tyhkks1 ks1
m m
tT TV˙ s h x t R x t y x s R x s ds,Ž . Ž . Ž . Ž .Ý Ý H2 k k k
tyhkks1 ks1
m
T TV˙ s m x t R x t y x t y h R x t y h .Ž . Ž . Ž . Ž .Ý3 k k k k k
ks1
Ž .Hence the derivative of V x is given byt
m
T T T y1 TV˙ s x t A P q PA q h q m R q h A PB R B PAŽ . Ž .Ý i i k k k k kž
ks1
T y1 TqA PC R C PA x tŽ .k k k /
m
Tt T y1 Ty B PAx t y R x s R B PAx t y R x s dsŽ . Ž . Ž . Ž .Ý H k x k k k
tyhkks1
m
TTy C PAx t q m R x t y hŽ . Ž .Ý k k k k
ks1
y1 T= R C PAx t q m R x t y h . 5Ž . Ž . Ž .k k k k k
Ž .By 2a , this implies that the system
m m
t
g x s x t q B x s ds y C x t y h s 0Ž . Ž . Ž . Ž .Ý ÝHt k k k
tyhkks1 ks1
Ž . Ž .is asymptotically stable. By 2b and 5 , there exists a constant n ) 0 such
that
2
V˙ x F yn ? x t . 6Ž . Ž . Ž .t
w x Ž . Ž .Thus, by 2, Theorem 9.8.1; 4, Theorems 3.3.1]3.3.4 with 4 and 6 , we
Ž . Ž .conclude that systems 1 and 3 are globally uniformly asymptotically
stable. This completes our proof.
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Remark 1. If the only information is the maximal bound value H G 0
Ž . Ž .for all delays, then the value h in criteria 2a and 2b can be replacedk
by H.
Remark 2. Consider the retarded system with multiple time delays,
Ž .which is a special case of system 1 , described as
m
x t s Ax t q B x t y h , 7aŽ . Ž . Ž . Ž .˙ Ý k k
ks1
w xx t s f t , t g yH , 0 , 7bŽ . Ž . Ž .
mwhere A [ A q Ý B is a Hurwitz matrix. Choose the matrix P ) 0 toks1 k
Tbe the solution of the Lyapunov equation A P q PA s yQ, whre Q ) 0.
Ž .Then, by Theorem 1, system 7 is globally uniformly asymptotically stable
for any constant time delay h , 0 F h - H*, ;k g m, withk k
m m
y1r2 T y1 T y1r25 5H* s 1rmax B , Q R q A PB R B PA Q ,Ý Ýk k k k k½ 5
ks1 ks1
w xwhere R ) 0, k g m. This is similar to the result of 6 with m s 1.k
The following result is motivated by the direct Lyapunov theorem of
linear systems.
Ž .COROLLARY 1. System 1 is globally uniformly asymptotically stable
m w 5 5 5 5xpro¤ided that Ý C q h ? B - 1 and for some matrices Q ) 0 andks1 k k k
R ) 0, k g m, there exists a solution P ) 0 of the Riccati equationk
m
T T y1 TA P q PA q h q m R q A PB R B PAhŽ .Ý k k k k k k k
ks1
T y1 TqA PC R C PA s yQ, 8Ž .k k k
where
m 0 if C s 0,kA s A q B , m s k g m.Ý k k ½ 1 if C / 0,kks1
Ž .Remark 3. If h s 0 and C s 0, ;k g m, then system 1 and thek k
Ž . Ž . Ž .Riccati equation 8 are reduced to a linear delay-free system x t s Ax t˙
Tand the Lyapunov equation A P q PA s yQ, respectively. It is well
known that the existence of the solution P ) 0 for the Lyapunov equation
TA P q PA s yQ, Q ) 0, is a necessary and sufficient condition for the
Ž . Ž . w xasymptotic stability of x t s Ax t 1 . This shows that our results are not˙
too conservative, at least for small delay and C .k
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The second main result is a delay-independent criterion for global
Ž .uniform asymptotic stability of system 1 .
Ž .THEOREM 2. System 1 is globally uniformly asymptotically stable pro-
m 5 5¤ided that Ý C - 1 and there exist some matrices R ) 0, k g m, suchks1 k k
that
m
T TA q A q R B y A CÝ k 1 1
ks1
T T T TB y C A yC B y B C y R1 1 1 1 1 1 1
W [ T T TB y C A yB C2 2 2 1
. .. .. .
T T TB y C A yB Cm m m 1
T TB y A C ??? B y A C2 2 m m
T TyC B ??? yC B1 2 1 m
T T TyC B y B C y R ??? yC B - 0. 9Ž .2 2 2 2 2 2 m
. . .. . .. . .
T T??? ??? yC B y B C y Rm m m m m
Proof. Let
Tm m
V x s x T y C x t y h x t y C x t y hŽ . Ž . Ž . Ž . Ž .Ý Ýt k k k k
ks1 ks1
m
t Tq x s R x s ds. 10Ž . Ž . Ž .Ý H k
tyhkks1
Ž . Ž .The time derivative of V x along the trajectories of system 1 is given byt
Tm m
V˙ s Ax t q B x t y h x t y C x t y hŽ . Ž . Ž . Ž .Ý Ýk k k k
ks1 ks1
Tm m
q x t y C x t y h Ax t q B x t y hŽ . Ž . Ž . Ž .Ý Ýk k k k
ks1 ks1
m
T Tq x t R x t y x t y h R x t y h .Ž . Ž . Ž . Ž .Ý k k k k
ks1
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Ž . w Ž .T Ž .T Ž .T xT nŽmq1.Let z t s x t , x t y h , . . . , x t y h g R . Then we have1 m
TV˙ s z t Wz t . 11Ž . Ž . Ž .
m 5 5 Ž .Since Ý C - 1 by hypothesis, we conclude that the system x t yks1 k
m Ž .Ý C x t y h s 0 is asymptotically stable.ks1 k k
Ž . Ž .By 9 and 11 , there exists a constant n ) 0 such that
2
V˙ x F yn ? x t . 12Ž . Ž . Ž .t
w x Ž . Ž .Thus, by 2, Theorem 9.8.1; 4, Theorems 3.3.1]3.3.4 with 10 and 12 , we
Ž .conclude that system 1 is globally uniformly asymptotically stable. This
completes our proof.
3. ILLUSTRATIVE EXAMPLE
EXAMPLE 1. Consider a scalar neutral system
x t s ax t q bx t y H q cx t y H , t G 0, 13aŽ . Ž . Ž . Ž . Ž .˙ ˙
w xx t s f t , t g yH , 0 , 13bŽ . Ž . Ž .
2 2< < Ž .' 'where H G 0, a - 0, c - 1, and b g a 1 y c , ya 1 y c .Ž . Ž .
Ž . Ž .Comparing 13 with 1 , one has m s 1. By setting R s ya in1
Theorem 2, we have
2 a q R b y ac1 a b y acW s s - 0.
b y ac y2bc y R b y ac y2bc q a1
Ž .By Theorem 2, system 13 is globally uniformly asymptotically stable. Note
Ž . < < w xthat system 13 with a - 0, c - 1, and b s 0 was considered in 2 . Using
w xTheorem 4.1 in 3 , the stability margins for these parameters are a - 0,
< < Ž Ž < <. Ž < <..c - 0.5, and b g a 1 y 2 c , ya 1 y 2 c . It is easy to see that 1 y
2'< < < <2 c F 1 y c for any c - 0.5. This implies that our results are less
w xconservative than those of 2, 3 in this scalar example.
EXAMPLE 2. Consider a neutral system with one unknown time delay
described as
x t s Ax t q Bx t y h q Cx t y h , t G 0, 14aŽ . Ž . Ž . Ž . Ž .˙ ˙
w xx t s f t , t g yH , 0 , 14bŽ . Ž . Ž .
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where x g R 2, 0 F h F H s 0.3, and
y0.9 0.2 y1.1 y0.2 y0.2 0A s , B s , C s .
0.1 y0.9 y0.1 y1.1 0.2 y0.1
Ž . Ž .Comparing 1a with 14a , one has m s 1. By setting P and R to be the
Ž . 5 5 5 5identity matrix, it can be verified from 2 that C q H ? B s 0.6674 - 1
and
T T T y1 T T y1A P q PA q H q 1 R q A PB R BPH q A PC R CPAŽ .
y0.916 0.316s - 0.
0.316 y1.16
Ž .Consequently, by Theorem 1, we conclude that system 14 is globally
Ž .uniformly asymptotically stable. It is interseting to note that, since m A q
5 5 w xB s 0.5, the criteria in Theorems 4.1 and 4.2 of 3 cannot be satisfied.
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